The growth rate of matter perturbations can be used to distinguish between different gravity theories and to distinguish between dark energy and modified gravity at cosmological scales as an explanation to the observed cosmic acceleration. We suggest here parameterizations of the growth index as functions of the redshift. The first one is given by γ(a) =γ(a)
I. INTRODUCTION
Cosmic acceleration can be caused by a dark energy component in the universe or a modification to the Einstein field equations of General Relativity at cosmological scales. The growth rate of matter perturbations has been the subject of much recent interest in the literature as a way to distinguish between one possibility or the other, see for example [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] for a partial list. Indeed, distinct gravity theories may have degenerate expansion histories but can be distinguished by their growth rate functions.
As usual, the large scale matter density perturbation δ = δρ m /ρ m satisfies, to linear order, the differential equation
where H is the Hubble parameter and the effect of the underlying gravity theory is introduced via the expression for G ef f . The distinct behavior of δ for different gravity models can be seen in some of the aformentioned references such as for example [9, 10] . Equation (1) can be written in terms of the logarithmic growth rate f = d ln δ/d ln a as
where primes denote d/d ln a. Throughout this work we will use the numerically integrated solution to this equation normalized at a = 0 (z = ∞). Next, the growth function f is usually approximated using the ansatz [14, 15, 16, 17] 
where γ is the growth index parameter. Reference [14] made an approximation that applies to matter dominated models and proposed f (z = 0) = Ω 0.6 m0 and was followed by a more accurate approximation f (z = 0) = Ω 4/7 m0 in [15, 16] . Reference [17] considered dark energy models with slowly varying equation of state, w, and found an expression for γ as function of Ω m and w. This has been discussed further in more recent references, see for example [3, 19] , and also expanded to models with curvature in [20] and [21] .
The approaches of expanding the growth index around some asymptotic value or early, matter dominated times with Ω m ≈ 1, or those considering specific redshift ranges to approximate γ do not cover other redshift ranges of interest where observational data is available and can constrain the growth parameters or break degeneracies between them and other cosmological parameters.
Some observational data is already available over the redshift range z = 0 − 3.8 [25, 26, 27, 28, 29, 30, 31, 32, 33, 34] and some recent papers have put some constraints on the values of a constant growth index parameter, see for example [36] where using the cosmic microwave background (CMB), type Ia supernovae (SNIa), and X-ray cluster gas-mass fractions (f gas ), the authors found γ = 0.51
+0.16
−0. 15 and Ω m = 0.274 +0.020 −0.018 (68.3 per cent confidence limits), for a flat ΛCDM background. Also, reference [37] considered early dark energy (EDE) models and combined data from WMAP five-year data release, baryon acoustic oscillations and type Ia supernovae luminosity distances, measurements of the linear growth factors, Gamma-Ray Bursts (GRBs) and Lyman-α forest, obtaining γ = 0.622 ± 0.139 (1σ) error bar, which is in agreement with the ΛCDM and with the values obtained by other papers [25, 26] , and as stated there, with slightly smaller error bars. Their error bars on γ were similar to those forecasted for future weak lensing and SNIa data by [19, 39] .
In this analysis, we propose parameterizations of the growth that are function of the redshift, covering a wide range of low and intermediate redshifts, and then transitions after some redshift to an almost constant growth index at very high redshifts up to z CM B at the decoupling epoch.
II. INTERPOLATED PARAMETERIZATION OF THE GROWTH INDEX
First, we recall here the work of references [4, 22] where the authors proposed a redshift dependent parameterization of the growth index that was intended for the redshift range 0 < z < 0.5 [4, 22] and reads
where
. This showed already the potential of a variable growth index to distinguish between dark energy models and modified gravity models [4, 22] . However, current growth data is already available over the redshift range z = 0 − 3.8 [25, 26, 27, 28, 29, 30, 31, 32, 33, 34] , well beyond the z ≪ 1 approximation.
In order to be able to consider constraints from this higher redshift data, future growth data that spans over higher redshift ranges, and also very high redshifts up to the CMB scale (whether to break parameter degeneracies or to put direct constraints), we propose a parameterization that covers such wide ranges and interpolates to an almost constant value of γ at very high redshifts up to z CM B . Similar to the interpolation proposed in [23] (see appendix C there) for the equation of state of dark energy, we propose here the following parameterization for the growth index:
where the subscript ttc stands for transition to a constant (or almost constant) early growth index, γ early . The function h is chosen to have the following property
For simplicity, we adopt the interpolating function [23] that achieves the behavior above and that is given by
and propose the following form for the index parameterization
so that γ(a) interpolates between the asymptotic γ early value at high redshifts (z ≫ z ttc ) and
at lower redshifts (z ≪ z ttc ). Similarly, using a = 1/(1 + z), our parameterization reads
and interpolates between γ early (note that this was also noted in the literature as γ ∞ ) at high redshift (z > z ttc ) up to the CMB scale and the following form at lower redshifts, i.e. for z < z ttc in order to compare the fit of the proposed parameterization to that of the growth rate, f , that is numerically integrated from the growth ODE. We find using our redshift dependent parameterizations of the growth index are able to approximate the growth to within 0.15%. BOTTOM RIGHT: We plot γ(z) =γ(z)
for various dark dnergy models with a varying equation of state w(a) including some early dark energy models.
It is worth clarifying that the z ttc here is the redshift of transition from a varying growth index parameter γ(z) to an almost constant one, i.e. γ early (or γ ∞ ). This is not necessarily the same z trans that characterizes the transition from a decelerating cosmic expansion to an accelerating one.
We show in the next sections that the proposed parameterizations fit very well the growth function that is numerically integrated from the differential equation (2) for a given theory. The fit is better then 0.004% for the ΛCDM model for the entire range of redshift from 0 to the z CM B = 1089 and better than 0.04% for the flat DGP model with Ω 0 m = 0.27. We discuss application to these and other models in the next sections.
III. DARK ENERGY MODELS
For the spatially flat dark energy models with constant equation of state w, the Friedmann equations givė
and energy conservation equation read
Now, substituting Eqs. (12) and (13) into Eq. (2), one gets
Next, using f = Ω γ m into Eq. (14) yields
An expansion of Eq. (15) around Ω m = 1 (early times), to the first order of (1 − Ω m ), one gets [17, 18] 
Eq. (16) gives the asymptotic expression for very high redshifts
which reduces to the well-known γ
11 for the ΛCDM model so that our parameterization in this case takes the form
withγ(z) given by our low/intermediate redshift parameterization (11) .
We show in Figure 1 how well various parameterizations of the growth fit the growth rate function f that is integrated numerically from the differential equation (14) by plotting the relative error
. For ΛCDM, we plot the figures up to a redshift of 5 but we performed best fits of the parameters up to the z CM B ≈ 1089. We find the best fit parameters γ 0 = 0.5655 and γ a = −0.02718 when γ ΛCDM ∞ = 6/11. The fit approximate the growth function f to better than 0.004% while the best fit constant γ ΛCDM const = 0.5509 approximates the growth rate function to about 0.6%. Thus using our redshift dependent parameterizations for the growth index gives an improvement to the fit of the growth rate function of about a factor 150. We also plot γ(z) for various dark energy equations of state, including some early dark energy models (see for example [35, 37, 38, 40] for a discussion of the latter and our appendix for a parameterization). In Table I we list the best fit parameter values of γ 0 and γ a for the various models used. We find that these best fit values for γ 0 and γ a do not change for a wide range of z ttc from for example 0.5 to several.
IV. DGP MODEL
For the spatially flat DGP [24] model, the effective gravitational constant is given by
and Friedmann equations yieldḢ
The conservation of energy gives where the matter energy density is given by
Now, using equations (19), (20) and (21) into Eq. (2), one gets
Next, using f = Ω γ m into Eq. (23), one gets
Again, expanding Eq. (24) around Ω m = 1, to the first order in (1 − Ω m ), one gets [3] γ = 11 16 + 7 5632
(1 − Ω m ).
So the asymptotic value for the DGP model is γ
16 . Using the proposed parameterizations (10) and (11) for the DGP model, we show in Figure 2 how well the parameterizations fit the growth rate function f that is integrated numerically from the differential equation (23) . For that, we plot the relative error
. We performed the fit for a redshift up to the z CM B ≈ 1089. We find the best fit parameters γ 0 = 0.6418 and γ a = 0.06261 for Ω 0 m = 0.27 when γ DGP ∞ = 11/16. The fit approximates the growth function f to better than 0.04% while the best fit constant γ DGP const = 0.6795 approximates the growth to 1.95%. Thus, using our redshift dependent parameterizations of the growth index provides an improvement to the fit of the growth rate function of about a factor 50 for the DGP model. We also plot γ(z) using our parameterization for various values of Ω m and find that the difference of the order 0.01 or less at any redshift. In Table I we list the best fit parameter values of γ 0 and γ a for the various models used. Again, we find that these best fit values for γ 0 and γ a do not change for a wide range of z ttc from for example 0.5 to several.
V. CONCLUSION
Data on growth rate of large scale structure covers already a wide range of redshift [25, 26, 27, 28, 29, 30, 31, 32, 33, 34] and is likely to cover even a wider range for incoming and future data. We proposed parameterizations (18) with (9) for dark energy models, and Eqs. (25) with (9) for DGP models). We see that the QCDM and EDE models have a negative values for the parameter γa, while the DGP models have a positive value for γa, thus providing parameter that observational data can constrain to distinguish between the two gravity theories, additionally γ0 takes on distinct values for each theory.
of the growth index that cover such wide redshift ranges and also interpolates to the highest redshifts including the CMB scale. The parameterizations are found to fit the growth function to better than 0.004% over the entire redshift range for the ΛCDM model, to better than 0.014% for various QCDM models, and to better than 0.04% for the DGP model (with Ω 0 m = 0.27). Such parameterizations should be useful for ongoing and future high precision missions. We find that the best fit values for the growth index parameters take distinctive values for dark energy models versus modified gravity models: (γ 0 , γ a ) = (0.5655, −0.02718) for the ΛCDM model and (γ 0 , γ a ) = (0.6418, 0.06261) for the flat DGP model. Most notable of the above values is the fact that γ a is of a different sign for the two model. This distinction hold even when looking at more complex dark energy models. This provides a way for observational data to distinguish between dark energy models and modified gravity models as cause of cosmic acceleration. Acknowledgments M.I. acknowledges partial support from the Texas Space Grant Consortium, the Hoblitzelle Foundation, and a Clark Award.
APPENDIX
For early dark energy we use a Mocker model first introduced by [35] . The dark energy equation of state for these models is given by: 
In these models the dark energy component behaves like nonreletavistic matter at high redshifts, having an equation of state w = 0, but assymptotes to a cosmological constant with w = −1. We use parameter values for w 0 and C given by [37] which are said to fit CMB and SN Ia constraints very well. See the aformentioned references as well as
